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Résuḿe :
La dynamique du vol des hélicopt̀eres est fortement non-linéaireà cause de la dynamique complexe du rotor principal et
des nombreux couplages entre ses différentséléments et variables physiques.
La théorie des bifurcations examine les changements qualitatifs de types des trajectoires solution d’un système d namique.
Grâce à elle, plusieurs ph́enom̀enes physiques concrets seront analysés (́etat d’anneaux tourbillonnaires, roulis hol-
landais). La pertinence de diverses modélisations seráevalúee.
Abstract :
Rotorcraft flight dynamics is highly nonlinear due to the complex dynamics of the main rotor and to the numerous cou-
plings between its different elements and physical variables.
Bifurcation theory examines the qualitative type changes of the trajectories solution of a dynamical system.
Thanks to it, several concrete physical phenomena will be analysed (vortex ring state, Dutch roll). The relevance of
various modellings will be evaluated.
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Nomenclature
DTC lateral cyclic pitch angle (deg)
DTS longitudinal cyclic pitch angle (deg)
DT0 main rotor collective pitch angle (deg)
DTA tail rotor collective pitch angle (deg)
Phel, Qhel, Rhel angular velocities of roll, pitch and yaw (rad/s)
(Uhel, Vhel,Whel) helicopter velocity vector in the helicopter coordinate system (m/s)
(VX , VY , VZ) helicopter velocity vector in the Earth coordinate system (m/s)
VH rotorcraft horizontal speed (km/h)
Vi rotor induced velocity (m/s)
Vim rotor mean induced velocity (m/s)
φ, θ fuselage bank and pitch angles (deg)




The rotorcraft flight dynamics remains still analysed most of the times through linear considerations contrary
to fixed-wing aircraft for which many nonlinear studies have already been accomplished as summarised in [1].
Nevertheless its behaviour is strongly nonlinear because of the major role played by the main rotor whose dy-
namic is very complex and because of the numerous couplings between the physical variables and constituent
elements.
Several mathematical tools exist in order to analyse such nonlinear rotorcraft models. The bifurcation theory
[2] is used here as in a few other references and the presented work was mainly accomplished during S. Kolb’s
PhD [3].
Several phenomena are analysed and correspond to different types of bifurcations. In order to be able to
diagnose the underlying dynamics, it is necessary to determine diverse characteristic loci and sets. In this
research paper, the first phenomenon examined is the vortex ring state. The mathematical formulation required
for the computation of the equilibria is exposed and the results are interpreted from the both viewpoints of
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bifurcation theory and flight dynamics. Next the corresponding locus of bifurcation points is computed and
its sensitivity towards diverse physical variables and towards various modellings of the main rotor inflow is
evaluated. Thirdly the last part examines a natural motion of the helicopter (or also of every other aircraft): the
Dutch roll. The appearance of limit cycles is detected and the matching Hopf bifurcation is characterised. The
set of periodical orbits is calculated and the first-harmonic properties are compared to the ones predicted by
the bifurcation theory.
2 Description and equilibria analysis of the vortex ring state
In this section, after describing the phenomenon of vortex ring state and giving a mathematical formulation to
the problem, the locus of equilibrium points is calculated and concrete conclusions, interpretations are drawn.
2.1 Phenomenon presentation and mathematical formulation
During a steep descent flight, the main rotor may enters into its wake and thus does not succeed anymore to
create the thrust necessary to compensate the weight. Thus the helicopter is destabilised and a sudden increase
in descent velocity and drop may occur which can be dangerous when flying near the ground for example. J.
Meijer-Drees realised some wind tunnel tests showing between others the daughnut-shaped ring formed around
the rotor as on figure (1).
Figure 1: Rotor in vortex ring state during wind tunnel smoke tests [4]
The simulation code which is exploited in order to render the rotorcraft flight dynamics is the HOST code
whose name is an acronym for Helicopter Overall Simulation Tool and which was developed by EURO-
COPTER [5]. It aims at containing and making available to the engineers the whole contributions and works
performed by the EUROCOPTER manufacturer and by associate research centres such as ONERA. Moreover
a specific modelling of the induced flow of the main rotor must be used when evolving in VRS [6]. Indeed
since the stream comes back in the rotor, the classical modelling based on the momentum theory and on a
momentum balance is not valid in this flight phase.
The examined dynamical system can be described as follows. The state vector is composed of the classical
variables of flight dynamics plus variables specific for the helicopter that is to say the (mean) induced velocities
of the main and tail rotors(V imMR, V imTR). The controls are the four commands of a helicopter i.e. the
collective pitch angleDT0, the lateral cyclic pitch angleDTC, the longitudinal cyclic pitch angleDTS and
the tail rotor collective pitch angleDTA. The differential equations correspond to the flight dynamics model.
For this phenomenon, the influence on the descent velocity is assessed. Thus the command which contributes
mostly to determine this last one and the thrust amplitude is chosen as control parameter that is to say the
collective pitchDT0. Since reducing the main rotor collective pitchDT0 decreases the thrust but also the
torque, the tail rotor collective pitchDTA must be adapted so as to avoid yaw rotation. This is done indirectly
by adding an algebraic equationRhel = 0 to the equation set. For similar reason, the forward speedVH and the
lateral velocityVY are forced to respectivelyVH0 and0 by making the cyclic pitch anglesDTC andDTS vary.
Thus supplementary algebraic equations are required to impose the movement in a vertical plane and finally
the overall dynamical system can be written under the form of a system of differential algebraic equations:{
X = (Uhel, Vhel,Whel, Phel, Qhel, Rhel, φ, θ, V imMR, V imTR)
U = (DT0, DTC, DTS,DTA)
Ẋ = Frotorcraft flight dynamics model (X, U){
Rhel (X, U, DTC,DTS, DTA) = 0
VY (X, U, DTC, DTS,DTA) = 0
VX (X, U,DTC, DTS, DTA) = VH0
(1)
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2.2 Calculation and interpretation of the locus of equilibria
The continuation algorithm allows to compute the locus of the equilibrium points (i.e. the so-called bifurcation
diagram) which is the solution of the implicit algebraic system (one variable more than equations) described
in (1) where the model dynamics are equal to zero (equilibria).
Figure 2: Locus of equilibria associated to the vortex ring state
In the figure (2), anunstable(red-coloured) branch between twostable(green-coloured) branches can be dis-
tinguished. The two stable flight phases correspond to the helicopter branch for normal cruise flight conditions
(for low or null descent speeds) and to the windmill branch for high descent rates. The different parts are
separated by bifurcation points. At these critical parameter values, jumps occur and a little change in collec-
tive pitchDT0 imply large variation in descent rateVZ . From the viewpoint of dynamical systems, there is a
hysteresissince once the system jumped, a reverse control does not succeed in making the helicopter reach the
previous configuration (and e.g. stop falling at high descent rate).
3 Computation of the locus of bifurcation points and sensitivity analysis
The locus of equilibria shows two bifurcations. In order to acquire further information on these last ones,
the next topic focuses its attention on determining the locus of the bifurcation points and on evaluating the
effectiveness of such a VRS frontier. Practically a real bifurcation appears when the Jacobian matrix has at
least one zero eigenvalue and is detected by the mathematical criteriond t (DXF (X, U)) = 0. Finally the
continuation algorithm is applied to an implicit algebraic system with two control parameters in addition to the
state variables.
Figure 3: Locus of the bifurcation points delimiting the region of vortex ring state compared to other criteria
and flight tests
The figure (3) shows a good correlation between the (purple-coloured) frontier predicted by the bifurcation
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criterion and the flight test results (triangles) organised by ONERA at the French flight test centre of Istres [6].
The criterion reveals to be adapted to delimit the zone of instabilities and takes only into account the flight
dynamics model without any other empirical data such as the (near-zero) convection velocity of the vortex
rings far from the rotor [7].
After exposing the relevance of the bifurcation criterion, it might be interesting to evaluate the influence of
the model of rotor inflow over the predicted frontier. Three models are exploited: an analytic one with quasi-
steady dynamics, an analytic one with first-order dynamics for the flapping angle and a numerical one (”blade
element model”) calculating the local induced velocities, the angles of attack along the blade sections and the
second-order dynamics of the flap and lead-lag motions.
Figure 4: VRS regions for analytical and numerical rotor inflow models
On the figure (4), even if the controls required to stabilised the helicopter at a trim state differ, the coordinate
couples(VH , VZ) of the bifurcation points remain the same one. Thus the flap and lead-lag dynamics do not
seem to be important as far as VRS is concerned. Furthermore since the blade element model is far more time
consuming, the analytic model with quasi-steady dynamics is selected most of the times for the computations.
4 Analysis of the Dutch roll motion
In this part, after presenting the natural motion of Dutch roll, a mathematical formulation is given and several
characteristic loci are determined. Some physical and mathematical properties are verified.
4.1 Phenomenon presentation and mathematical formulation
Dutch roll is a natural oscillatory aircraft motion whose period is quite short and which involves mainly the
rotations along the roll and yaw axes [8]. It has to do with dynamic stability i.e. the properties of the transients
near an equilibrium and its eigenmodes.
For helicopters, the low longitudial mode of phugoid which is related to an exchange in kinetic (forward
speed) and potential energy (altitude) is (most of the time) a little bit unstable that’s why the helicopter is
diagnosed unstable when taking into account the whole eigenvalues. In order to cope with this problem, the
study considers uniquely the lateral dynamics whereas the longitudinal variables and the controls are fixed to
their equilibrium value. Finally the dynamical system may be written under the form of a system of differential
algebraic equations: {
Ẋ = F (X, U,C)
0 = G (X, U,C) (2)
with:
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Y = (Uhel, Vhel,Whel, Phel, Qhel, Rhel, φ, θ,DT0, DTC, DTS,DTA)
U = (VH0, VZ0)
F =
(









U̇hel, V̇hel, Ẇhel, Ṗhel, Q̇hel, Ṙhel, φ̇, θ̇, VX − VH0, VY , VZ − VZ0, Rhel
) (3)
As time simulations of the HOST code tend to diverge since this industrial code is quite huge and contains many
numeric loops, many discontinuities, a more compact code with only analytical expressions taken mainly from
[8] is developed.
Stability changes of the Dutch roll can occur for high speed flight and but these cases are nightmares for the
engineers. In order to avoid the related modelling problems, the attention is focused on low speed flights. Even
if it’s less interesting and it is a quite degenerate case of Dutch roll, the methodology will remain the same for
other configurations.
At low speeds, the helicopter is unstable (pendular motion) and for higher speeds, it is stable since the weath-
ercock stability effect predominates i.e. the fin is efficient enough to give directional stability. As Dutch roll
is associated to a pair of complex conjugate eigenvalues, a so-called Hopf bifurcation is met at the critical
forward velocity. The question remains whether a limit cycle is created or not.
First the frontier separating the zones of stability and instability of the rotorcraft is calculated so as to evaluate
the influence of some parameters on the bifurcation appearance. Then the set of limit cycles is calculated if
possible. At the end, the properties of the possible limit cycles are assessed.
4.2 Stability changes
A Hopf bifurcation point is an equilibrium point which verifies the supplementary equation(s):
< (DXF (X, U)) = 0 (and= (DXF (X, U)) = ω 6= 0).
For this sensitivity analysis, the selected parameters are the forward speedVH0 and respectively the fin effi-
ciency or the total mass. The zones of stable and unstable equilibria are indicated on the figure (5).
Figure 5: Loci of the Hopf bifurcation points
Observing the loci of the Hopf bifurcation points on the figure (5) confirms two statements. On the hand, the
less the fin is efficient, the higher the speed must be such that the weathercock stability is sufficient to stabilise
the helicopter. On the other hand, the weightier the helicopter is, the higher its speed must be so as to remain
stable.
4.3 Computation of the set of limit cycles and evolution of their properties
In fact stable limit cycles involving the lateral variables are diagnosed for low forward speeds. Consequently
the oscillations are limited in amplitude contrary to a linear equilibrium analysis which predicts divergence.
Moreover the Hopf bifurcation can be regarded as nondegenerate and can be calledsupercritical[2]. The con-
tinuation algorithm allows besides to compute the set of stable periodical orbits when the control parameter
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(i.e. the forward speed here) varies.
Figure 6: Set of limit cycles concerning the lateral variables with varying forward speedVH0 (left), evolution
of the amplitude (center) and the pulsation (right) of the limit cycles
The theory of dynamical systems stipulates that the amplitude varies as a square root function of the control pa-
rameter (more precisely is function of the difference between the control parameter and the bifurcation value)
and that the pulsation varies linearly. The amplitude i.e. actually the norm of the maximal values of the whole
lateral variables
√





2 and the pulsation of the limit cycles are drawn on figure (6). It is
visible that the determined values fits well with the theoretical predictions.
5 Conclusion
This study shows the interest of analysing the bifurcations appearing in the nonlinear rotorcraft flight dynamics.
On the one hand, real bifurcations and an underlying hysteresis are diagnosed for the vortex ring state whereas
the locus of bifurcation points delimits well the VRS region. On the other hand, a Hopf bifurcation creates
stable limit cycles restraining the amplitude of the diverging oscillations predicted by linear considerations.
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